In this paper we prove the existence of solutions for hyperbolic hemivariational inequalities and then investigate optimal control problems for some convex cost functionals.
Introduction
In this paper we shall study the following optimal control problem: where g and h are convex functionals. From a physical point of view, y in (1.1) represents displacement, y velocity and y acceleration. Recently, the theory of variational inequalities, which is closely related to the convexity of the energy functionals involved, has been considerably developed and optimal control problems for such variational inequalities have been investigated by many authors [1, 2, 8, 19] . It is well known that the existence of solutions for variational inequalities is based on monotonicity arguments and the derivation of the necessary optimality conditions is based on the subdifferentials of convex analysis [1] . On the other hand, following the work of Duvaut and Lions [4] , several new types of variational problems in an inequality form have been investigated. The background of these variational problems is in physics, especially in solid mechanics, where nonconvex, nonmonotone and multivalued constitutive laws lead to hemivariational inequalities. We refer to [12] and [14] to see some applications of hemivariational inequalities. The existence of solutions for hemivariational inequalities has been proved by some authors [9, 10, 13, 16, 17, 18] . But there is not much literature dealing with optimal control problems for hemivariational inequalities and as far as we know there is no literature deriving the necessary optimality conditions for the corresponding optimal control problems because these are more complicated than those for variational inequalities due to the lack of convexity of the energy functionals. Haslinger and Panagiotopoulos [6] proved the existence of optimal controls for coercive hemivariational inequalities and Migórski and Ochal [11] showed the existence of optimal control pairs for parabolic hemivariational inequalities. Panagiotopoulos [15] considered an application problem for hyperbolic hemivariational inequalities with a multi-valued reaction-velocity law such as the last inequality of (1.1). Motivated by his work, we attempt to prove the existence of solutions for hyperbolic hemivariational inequalities of the form (1.1) and the existence of optimal control pairs for the optimal control problem (P) (see Section 4 below). The plan of this paper is as follows. In Section 2, assumptions and notation are given. In Section 3, the existence of a solution to the problem (1.1) is proved using the Faedo-Galerkin method and finally in Section 4 the existence of solutions to the optimal control problem (P) is investigated.
Assumptions and notation
Throughout this paper we denote (i) b is continuous in Á uniformly with respect to ¾ , that is, there exists ž 0 > 0 such that for all .x; t; Á; ¾/ ∈ Q ×R 2 and for all Ž > 0, there exists = .Ž; x; t; Á; ¾/ > 0 such that |b.x; t; Á; ¾/ − b.x; t; Á ; ¾ /| < Ž if |Á − Á | < and |¾ − ¾ | < ž 0 .
(ii) .x; t/ → b.x; t; Á; ¾/ is continuous on Q for all Á ∈ R and a.e.
.Q/ and a positive constant ¼ 1 . Then the following relation holds [6] :
where @ denotes the generalised gradient of Clarke (see for example [1] for the definition of and the relevant results for Clarke's generalised gradient).
We shall need a regularisation of b defined by
where ² ∈ C ∞ 0 ..−1; 1//; ² ≥ 0 and 
For details on the definition of convexity and lower semicontinuity of functionals and the relevant results, we refer the readers to [3, 5] . 4.x; t/ ∈ '.x; t; v.x; t/; y .x; t// a.e. .x; t/ ∈ Q; (2.2)
Existence results for hemivariational inequalities
In this section we are going to show the existence of solutions to the problem (1.1) using the Faedo-Galerkin approximation. Step 2: Passage to the limit. From the a priori estimates (3.7), (3.8) and (3.10), we have subsequences (in what follows we denote subsequences by the same symbols as original sequences) such that Step 3: y is a solution of (1.1). Similarly from (3.12) we get
Comparing (3.13) and (3.14) we infer that lim m→∞ y 1m − y .0/; w j = 0; j = 1; 2; : : : :
This implies that y 1m → y .0/ weakly in H −1 . /. By the uniqueness of the limit, y .0/ = y 1 . Analogously, taking ∈ C 2 .[0; T ]/ with .T / = .T / = 0; we can obtain that y.0/ = y 0 : Next we will show that 4.x; t/ ∈ '.x; t; v.x; t/; y .x; t// a.e. .x; t/ ∈ Q. By (3.11) and the Aubin-Lions compactness lemma [7] , we get
and hence
Let Á > 0. Using the theorems of Lusin and Egoroff, we can choose a subset ! ⊂ Q such that meas.!/ < Á, y ∈ L ∞ .Q \ !/ and y m → y uniformly on Q \ !. Thus, for each ž > 0; there is an N > 2=ž such that |y m .x; t/ − y .x; t/| < ž=2, for all .x; t/ ∈ Q \ ! and m > N . Then, if |y m .x; t/ − s| < 1=m, we have |y .x; t/ − s| < ž for all m > N and .x; t/ ∈ Q \ !. Therefore we have 
Existence of the solutions of the optimal control problem
We denote by Ë .u; v/ the set of all solutions of the problem (1.1) for a given .u; v/ ∈ Í ad ×Ï ad . Theorem 3.1 implies that Ë .u; v/ = ∅ for any .u; v/ ∈ Í ad ×Ï ad .
Let us consider the following optimal control problem (P):
Minimise J .y; u; v/ : .u; v/ ∈ Í ad × Ï ad ; y ∈ Ë .u; v/ :
For our purpose we need the following proposition. PROOF. Let d = inf{J .y; u; v/ | .u; v/ ∈ Í ad × Ï ad ; y ∈ Ë .u; v/}. By the assumptions on g and h, it is clear that d > −∞. Let .y n ; u n ; v n / ∈ Ë .u n ; v n / × Í ad × Ï ad be a minimising sequence, that is, 
